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theory, restricting ourselves to ZFC. Rather than foundational changes we are interested in three kinds of changes in the superstructure, change of definition, of the problem, and of topology respectively.
In this walk through the non-Hausdorff sections of the topological garden, the selection of flowers is a personal, almost random one and certainly not comprehensive.
We stop to admire some longer than others.
Change the definition
Let us modify the definition of a metric to allow the possibility that distance is a nonsymmetrical notion. Of course, if d is a quasi-metric on X which also satisfies d(x, y) = d(y, x) for all points x, y in X, then d is a metric for X. In general, if d is a quasi-pseudometric on X, then so is d-' which is defined by dP'(x,y)=d(y,x) for x,y~X, and d-' is called the conjugate of d. If one considers a quasi-pseudometric d on a set X, then there is a natural associated bitopological space (X, F(d), F(d-I)), in which some of the symmetry we have lost is regained. Kelly [24] was the first to systematically exploit this point of view.
Why should we bother with the greater generality afforded by nonsymmetrical distances? After all, the mathematics becomes more difficult, and some of our favourite theorems are no longer true. First of all, most of the distance functions we meet in everyday life late in the twentieth century seem to be inherently nonsymmetrical.
Examples are the "shortesttime-taken" distance and the "minimum-energy-consumed" distance, and these have relevance when consideration is taken of such things as topography, prevailing winds, river or ocean currents, and barriers to travel such as one-way street systems. If mathematical models should reflect reality, then the metric model of distance is too restrictive. A different line of attack by putting conditions on the conjugate topology is discussed by Raghavan and Reilly [38] . Typical of such results is the following. [27] .
There are several other interesting classes of non-Hausdorff spaces which should capture our attention.
We have time to mention just a few. A topological space (X, 3) is called R0 if x E U E 9 implies cl(x) c CJ, where cl A denotes the F-closure of A. This weak kind of regularity property was first introduced by Shanin [44] , and its importance is discussed by Naimpally [36] , who argued that in some respects the R0 property is more natural than the T, property. For example, the one-point compactification of a space X is R,, if and only if X is R, and locally compact. A normal space is completely regular if and only if it is RO. Herrlich [20] has shown that the category of R,, spaces and continuous maps is isomorphic to the category of topological nearness spaces and nearness preserving maps. A subset B of a topological space (X, 9) is defined to be .Y-irreducible if and only if, given U, , U, E F, B n U, # (4 and B n U2 # 0 together imply B n U, n U, # (d.
It is clear that a Y-closed subset F of X is Y-irreducible if and only if F cannot be expressed as the union of two nonempty Y-closed proper subsets of F. The space (X, Y) is defined to be a sober space if and only if every nonempty T-closed Y-irreducible subset of X is the Y-closure of a unique singleton. In strength, the property of being a sober space lies between the separation properties T,, and
Hausdorff. Apart from their topological interest, see McCartan and McCluskey [33] for example, sober spaces arise naturally in the study of continuous lattices [14] .
Sober topological spaces were considered by the Grothendieck school [2] . Herrlich [ 191 characterized them as the reflective hull of the Sierpinski space in the category of topological spaces and continuous functions. Skula [46] showed that sober spaces are the b-closed subspaces of powers of the Sierpinski space. Descriptions of sober spaces in terms of certain open filters have been given by Herrlich [19] and Hong [21] . For the topological space X we denote by n(X) the lattice of open subsets of X ordered by inclusion.
Kowalsky [30] introduced the following definition. A filter 9 in a complete lattice L is called a funnel if and only if for every subset A of L, sup A E 9 implies a E 9 for some a E A. Herrlich [ 191 showed that a r, space X is sober if and only if n 9# 0 for every funnel in n(X).
Hong [21] 
sober, see Johnstone [22] . If one is willing to forgo the Hausdorff property, finite topological spaces become interesting, they are no longer necessarily discrete. The simplest example is Sierpinski's two-point space S, the set (0, l} with topology (0, {0}, S}. Part of the folklore is the result that every To space can be imbedded in a power of S and its closure in that power is a non-Hausdorff compactification.
A similar result is discussed by Morris [34] . 
Embedding
arbitrary spaces in powers of finite spaces has also been considered by Dow and Watson [7] . Their main concern is with extending continuous functions, and they advocate the virtues of another three-point space introduced by Sikorski [45] and having five open sets (0, 1,2} Much of the theory of quasi-uniform spaces is described in the elegant book of Fletcher and Lindgren [9] . Here we shall confine our observations to quasi-uniform analogues of the two questions we discussed for quasi-metric spaces, namely: (a) Which topological spaces are quasi-uniformizable? (b) Which special properties of a quasi-uniformity and the topologies induced by it and its conjugate will force its topology to be completely regular, that is uniformizable?
The answer to the first question is that every topological space admits a quasiuniformity [9, § 2.11, so that the study of quasi-uniform spaces allows uniform-like methods to be introduced for arbitrary topological spaces. The second question is still open. Answers parallel to Theorem 1.4 are available in Raghavan and Reilly [39] from which we quote the following result. Theorem 1.7. Every quasi-uniformizable space whose conjugate topology is compact and R,, is uniformizable.
Change the problem
We all have our favourite examples of problems which seem intractable, but which when they are modified no longer cause us so much difficulty. Here is one of mine. For some time topologists have been interested in the question: (Q) If each discrete subspace of a compact Hausdorff space is countable, is the space hereditarily Lindelof? As stated, (Q) is part of the much larger problem of the existence of S spaces and L spaces, and (Q) turns out to be a consistency result -the answer depends on the axioms chosen for the underlying set theory. For details of this fact and other related questions the reader is referred to Rudin [43] and Roitman [42] . I have not been alone in thinking about a modified (Q), where the compact Hausdorff condition is replaced by something else. Nedev [37] proved that a symmetrizable space X is hereditarily Lindelof if and only if each discrete subspace of X is countable.
Harley and Stephenson [ 181 extended this result to the class of 9 spaces. The reader should consult these papers for detailed discussions of the definitions and properties of these two classes of spaces. We observe that every symmetrizable space is an 9 space, and each 9 space is T,.
The term P space was used as an abbreviation for pseudo-discrete space by Gillman and Henriksen [15] , for a Tychonoff space X on which every continuous real-valued function is constant on some neighbourhood of each point of X. [40] showed that another modified (Q) has an affirmative answer. We used the anti-topological properties of Bankston [4] to show that the answer is yes when the "compact
Hausdorff space" condition is replaced by "R, and P space".
Change the topology
Numerous examples of properties closely related to the notion of continuity of a function between two topological spaces are found in the literature. It turns out that many of these concepts are not new in the sense that if one is willing to change the topology on the domain and/or the range, then the class of functions satisfying a particular property coincides with the class of continuous functions under the new topologies.
From this point of view, many of the results in the literature are essentially restatements in disguise of familiar properties of continuous functions. In [12] we have introduced the following definition to make this more precise. To show that a property 9 is a continuity property we need to exhibit a topology on the domain and/or range which reduces 9 to continuity.
The following result [ll, Proposition l] is our most effective tool to date for showing that 9 is a noncontinuity property. It can often be employed with some efficiency when X and Y are finite topological spaces, and one can use a microcomputer to search for appropriate counterexamples. property is equivalent to continuity. These studies can be improved, and in many cases are made trivial, by the perspective allowed by this notion of continuity property. This question has been addressed in [ 12, 5 61 , and a good example of this approach in a specific case is presented in [35] .
In [13] we have classified about eighty variations of continuity according to this scheme, and about half of them are continuity properties in the sense of Definition 3.1.
The change of topology approach applies to properties of topological spaces as well as to properties of functions.
To illustrate, we consider the semi-regularization topology TTY of a topological space (X, 9). A subset B of (X, 9) is called regular open if B = int(c1 B), and y.% is the topology on X which has the family of all regular open sets in (X, 9) as a base. Then some properties of (X, 9) can be characterized by appropriate properties of (X, T7). For example, (X, ?I) is almost regular, almost completely regular, almost locally connected, nearly compact, nearly locally compact, or nearly paracompact if and only if (X, yy-,) is respectively regular, completely regular, locally connected, compact, locally compact, or paracompact. Details are provided in [35] .
An interesting example in a slightly different direction but in very much the same spirit has been pointed out to me by Lawson [31] . Suppose that X is a locally compact Hausdorff space. One can order the collection of all compact subsets by reverse inclusion and then equip this partially ordered set with the Scott topology.
Suppose now that we have a decomposition of X into compact sets. Then there is a mappingf from X to the decomposition set which sends an element to the member of the decomposition which contains it. Now the decomposition is upper semicontinuous if and only if the function f is continuous, where the decomposition space is endowed with the relative Scott topology. Similarly the decomposition is lower semicontinuous if and only if the functionf is continuous, where the decomposition space is endowed with the relative weak topology (from the partially ordered set of compact subsets ordered this time by inclusion). Example 3.8 of Chapter VI of [14] contains related ideas.
